A PERfect GraecO-LAtin balanced incomplete block design (PERGOLA) is a block design for two sets of treatments, where (a) each set is arranged relative to the blocks in a balanced incomplete block design (BIBD), (b) each set is arranged relative to the other in a symmetric BIBD, and (c) the overall arrangement is such that there is adjusted orthogonality between the two sets. The currently small literature of pergolas is reviewed, and the topic is shown to be rich in combinatorial interest and unsolved problems. Isomorphism, automorphisms and duality are defined for pergolas, and matters of existence are discussed. A first-ever extensive table of pergolas with r~<20 is presented. For each of many of the 66 parameter-sets covered, the Table gives a selection of non-isomorphic pergolas, perhaps based on a selection of non-isomorphic BIBDs for that parameter-set.
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(i) if the elements of $2 are disregarded, the arrangement becomes a balanced incomplete block design (BIBD), denoted B1, with parameter-set (v,b,r,k, 2) and with incidence matrix n~0, so that nl0n110 = (r-2)I + 2J,
(ii) if the elements of S1 are disregarded, the arrangement becomes a BIBD, denoted B2, with parameter-set (v, b, r, k, )~) and with incidence matrix n20, so that n20n~0 = (r-)~)I + ;t J,
(iii) if n21 is the v × v matrix whose (i,j)th element (i,j= 1,2 ..... v) is the number of times that the ith element of $2 is paired with the jth element of S1, then n21n~l = n~ln21 = fI + gJ (3) for some integers f and 9, (iv) the 'adjusted incidence matrix' m21 defined by m21 = n21--(1/k)n20nllo satisfies rn21 = 0.
We denote by S the arrangement whose incidence matrix is n21. The sets $1 and $2 can be described as, respectively, the 'first set of treatments' and the 'second set of treatments' in a pergola. Condition (iv) has been described [7, 8] as 'adjusted orthogonality' between the two sets of treatments, and is the reason for using the adjective 'perfect' in the full name for a 'pergola' --a term which is new in this paper.
For discovering and classifying pergolas, we find it helpful to note that Eq. (3) is satisfied if the incidence matrix of S satisfies n21 = pn + qI + tJ (5) for some integers p, q and t, where, if p = 0, the matrix n is any v x v matrix, but if p ¢ 0, the matrix n is the incidence matrix of a symmetric BIBD (SBIBD) with v treatments and block size k* satisfying 1 <k* < v/2. (An SBIBD with v treatments and with block size k** satisfying v/2 <k**<v-1 is accommodated by writing its incidence matrix as J-n, where n is as just stated.) For q ¢ 0, the orderings of the elements of S1 and $2 must be matched in an obvious way; when we present a pergola for which q ¢ 0, the required matching will have been done. If p and q are both non-zero, Eq. (3) implies that n must satisfy n + n I =J-L
Condition (6) holds for SBIBDs from the well-known series of SBIBDs with v = 4z-1, k=2z-1 (Hadamard designs), with z a positive integer and 4z-1 a prime power, so the possibility of having both p and q non-zero should not be discounted.
Two simple examples of pergolas are the following, where columns are used for blocks:
Ex. with (l;,b,r,k, 2)- (4, 6, 3, 2, 1) and SI =$2--{0, 1,2,~}:
O,~c 1,~ 2, oo :~c,O ~c,l :x~.2 2,1 0.2 1,0 1,2 2,0 0,1
Ex. with (v,b,r,k,) .)= (5, 10, 6, 3, 3) Comparing these examples, we see that (7) has n~_l J-I whereas (8) has n2~ =J+l, both of these equations being special cases of (5) . Thus, for (7), the arrangement S is an SBIBD with l,=5 treatments in blocks of size z~-I =4, whereas for (8) S is what might be called a balanced 'supercomplete' block design. A further simple example of a pergola is the following: Ex. with (t~,b,r,k,;t) (7, 14, 6, 3, 2) and S1=$2={0,1 ..... 6}: 
Here, each of the 2 inherent BIBDs with parameter-set (7, 14, 6, 3, 2) is a "double' of a BIBD with parameter-set (7, 7, 3, 3, 1 ) : we emphasise that our definition of pergola allows parameter-sets (~, b,r,k,),) for BIBDs that are 'multiples' (i.e. 'doubles', 'triples', etc.) of other BIBDs. Likewise, as illustrated by (8) , our definition allows k > t,.'2, i.e. it allows parameter-sets for BIBDs that are complements of BIBDs whose block size is less than U2. When taken in the form n2onllo -kn21, the condition (iv) for adjusted orthogonality means that, if a particular ordered pair (x, y) occurs c times overall, and therefore in c blocks, then there must be kc blocks overall in each of which x occurs once as a first treatment and y occurs once as a second treatment. Thus, for example, the ordered pair 1,3 occurs once in the pergola (9) , namely in the first block, so (9) should have k = 3 blocks where 1 occurs as a first treatment and 3 occurs as a second treatment; this is indeed correct, the blocks being the first (with ordered pair 1,3), the fifth (with ordered pairs 1,2 and 6,3) and the tenth (with ordered pairs 1,6 and 0,3). Each of the pergolas (7)-(9) can be generated cyclically from 2 initial blocks. Indeed, very many pergolas can similarly be generated from 2 or more initial blocks.
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We usually represent such designs more concisely by writing down initial blocks only, in standard notation, so that, for example, (7) becomes (0,cx~ 2,1) (oc,0 1,2) mod3.
We define a pergola to be resolvable if its blocks can be distributed into sets, each containing each element of S1 and each element of $2 exactly once. Thus pergola (7) is resolvable, with 3 sets of blocks, namely blocks 1 and 4, blocks 2 and 5, and blocks 3 and 6.
Existence of pergolas
Theorem 3.5 of Morgan and Uddin [10, p. 1195] shows that a pergola must have b>v. Thus the BIBDs B1 and B2 cannot be SBIBDs.
The existence of a BIBD for a particular parameter-set P = (v,b,r,k, 2), b> v, does not imply the existence of a pergola for P. However, despite Eq. (5), the only BIBD parameter-sets for which a pergola can readily be shown not to exist are certain ones with r < v-1. Consider, for example, the BIBD parameter-set P1 = (9, 12, 4, 3, 1) . As the total of the elements in any row of n21 must be r=4, Eq. (5) can be satisfied only if n is the incidence matrix of an SBIBD with 9 treatments and block size k* equal to 4 (which would require p= 1,q=t=0 in (5)) or less (q>0). No such SBIBD exists, so there is no pergola for P1. A similar argument can be used to write off many other BIBD parameter-sets. Contrariwise, consider the BIBD parameter-set P2= (15, 35, 7, 3, 1) , for which 80 BIBDs exist [6, pp. 10 and 14] , and which again has r<v-1. The total for any row of n2L must now be r=7, and Eq. (5) can be satisfied by taking n as the incidence matrix of an SBIBD with 15 treatments and block size k* equal to 7; five such SBIBDs exist [6, pp. 11 and 14] , and indeed at least one pergola exists for P2 (see Section 5 below).
The question now arises: if a BIBD exists for a parameter-set P, and also an incidence matrix n21 such that (3) and (5) are satisfied, does this imply that a pergola for P exists? Consider the complementary BIBD parameter-set to P1, namely P1'= (9, 12, 8, 6, 5) , for which Eqs. (3) and (5) can readily be satisfied by taking n2L =J-I. Eq. (4) then gives us n2ontlo = 6(J-I), which requires the 8 blocks containing any given treatment from S1 to contain 6 occurrences of each of 8 treatments from $2. But this is impossible, as it would leave no room for the 9th treatment from $2, which would have to appear in at least 4 of the 8 blocks. Thus (4) cannot be satisfied, and there is no pergola for P11. A similar argument can be used to show that pergolas do not exist for certain other parameter sets with v = r + 1 and r > b/2.
Consider also the parameter-set P3 =(6, 15,5,2, 1) for an unreduced BIBD (i.e. for a BIBD in which the blocks are all possible pairs of treatments, each pair being taken just once). Again (5) has the same incidence matrix n21 for S, so that the incidence matrix for S in the union is mn21. However, if, for example, the rows of n21 Ibr D2 are a permutation of the rows of n21 for D1, then the incidence matrix n21 for the union of DI and D2 will not in general satisfy Eq. (3), so the union will not in general be a pergola.
Isomorphism and duality of pergolas: definitions
We define a pergola D2 to be 'isomorphic' to a pergola D1 if D2 can be obtained from D1 by some combination of (a) a relabelling of the elements of S1, (b) a relabelling of the elements of $2, and (c) a reordering of the blocks. (The within-blocks ordering of the k ordered pairs (x,y) in any block is not significant.) Necessary but not sufficient conditions for two pergolas to be isomorphic to one another are that (1) their BIBDs for n~0 are isomorphic to one another: (2) their BIBDs for n20 are isomorphic to one another; and (3) their designs (whether SBIBDs or not) for n2j are isomorphic to one another. We use the terminology 'automorphism of a pergola' in the obvious sense consistent with our definition of isomorphism. Thus an automorphism is not allowed to interchange the roles of S1 and $2. The order IAI of the automorphism group A of a pergola must be equal to, or a sub-multiple of, the orders of each of 3 other automorphism groups, namely those of B1,B2 and S. If all 4 automorphism groups have the same order, and are therefore isomorphic to one another, we say that the pergola is 'synchronous': this property is likely to be of interest only when the coefficient p in (5) is non-zero.
We define the 'dual' of a pergola D to be the pergola obtained from D by interchanging the roles of S1 and $2, i.e. by replacing each ordered pair (x,y) in the pergola by the ordered pair (y,x) . By analogy with established definitions for Youden squares [6, p. 512], we define a pergola and all other pergolas isomorphic to it to constitute a 'transformation set' (or 'isotopy class'), and we define a pergola, its dual, and all other pergolas isomorphic to at least one of them to constitute a 'species' (or 'main class').
We define a pergola to be 'self-dual' if it is isomorphic to its dual and so belongs to a species containing just a single transformation set. Many pergolas given in this paper, e.g. (7) and (8), can immediately be seen to be self-dual. Necessary but not sufficient conditions for a pergola to be self-dual are (1) its BIBDs B1 and B2 are isomorphic to one another; (2) its arrangement S (whether an SBIBD or not) is self-dual, i.e. isomorphic to its dual, the dual again being obtained by interchanging the roles of S1 and $2. We do not know of any pergola whose arrangement S is not self-dual. Also, so far as we are aware, all known pergolas for any particular parameter-set (v, b, r, k, 2) have arrangements S that are isomorphic to one another.
To date, no enumerations have been published of mutually non-isomorphic pergolas for particular parameter-sets ( v, b, r, k, 2).
A pergola can embody non-isomorphic BIBD(v, b, r, k, ~)'s
Our definition of a pergola imposes no requirement that B1 and B2 should be isomorphic to one another. However, the only pergolas known to us where B1 is not isomorphic to B2 have v = 2k.
As Preece [13] , Tonchev [18] and others have indicated, a BIBD with v = 2k may or may not be 'self-complementary', i.e. may or may not be isomorphic to its complement. Pergolas with v = 2k = r + 1 are obtainable with n21 =J-I and nl0 + n20 =J, i.e. with B2 the complement of B1, which may or may not be self-complementary. For example, for (v, b, r, k, 2) = ( 12, 22, 11, 6, 5) , the resolvable pergola (0,~c 1,2 4,8 5,10 9,7 3,6) (oo,0 2,1 8,4 10,5 7,9 6,3) modll (10) clearly has B1 self-complementary, and indeed (10) 
has B1 equivalent to the BIBD No. 8 of Takeuchi [17] and to the BIBD No. (i) for parameter-set (10, 18,9,5,4) in PT1 (Table 1 of Preece [13] ); this BIBD is not self-complementary. In Table 1 given later in the present paper, pergola (11) appears as design b for parameter-set (10, 18, 9, 5, 4) . Similarly, for (12, 22, 11, 6, 5) , our Table 1 gives pergola c, whose non-self-complementary B1 is the BIBD No. (iii) for parameter-set (12, 22, 11, 6, 5) in PT 1. For ( 14, 26, 13, 7, 6) , our Table 1 gives pergola e that incorporates the non-self-complementary BIBD (iii) for ( 16, 30, 15, 8, 7) in PT1.
Non-isomorphic pergolas for a particular parameter-set
If a pergola is known to exist for a particular parameter-set P (c, b, r, k, ~), natural questions to ask are (I) Can a pergola for P be constructed from each of the non-isomorphic BIBDs for P? (II) How many non-isomorphic pergolas can be constructed from any one particular BIBD for P?
To date, we can throw little light on these matters. However, Rees [15] shows that, tor P taken as the parameter-set P2 = (15, 35, 7, 3, 1 ) mentioned in Section 2 above, only one of the five non-isomorphic SBIBDs with v= b = 15, r-k-7 can be used for n_~t, and consequently only one of the 80 non-isomorphic BIBDs for P2 can be used for hi0 and n20. (Rees's argument is similar to that used for another parameter-set in Section 7.3 below.) On the other hand, we can answer 'Yes' to (I) for P= (8, 14, 7, 4, 3) , for which there are 4 non-isomorphic BIBDs. In the ordering in which they are given in [6, p. 5] , the orders of the automorphism groups of these BIBDs BIBD1, BIBD2, BIBD3 and BIBD4 are 48, 12, 21 and 1344, respectively. Pergolas for BIBD1 and BIBD2 are, respectively, as follows, where we take S1 = $2 {A, B, C, a, b, c,l,i}, and insert extra space after the third, sixth, ninth and twelfth blocks, so that the partly cyclic structures of the pergolas may be easily recognised: 
Under parameter-set P, Table 1 below gives a pergola b for BIBD3, and pergolas al, a2 and a3 for BIBD4. The orders of the automorphism groups of the 6 pergolas (12), Distinguishing between non-isomorphic pergolas for a single BIBD is too complex a matter for detailed discussion here. We merely consider the pergolas a l and a2 given in Table 1 If we number the blocks of each pergola as 0, 1 ..... 9 and regard the first initial block as generating blocks 0, 1 ..... 4, then the two pergolas can be rewritten as the following two 6 × 6 square arrays, whose rows correspond to the treatments oc,0, 1 ...,4 of the first set, whose columns correspond similarly to the treatments of the second set, and whose non-blank entries are block numbers; the extra spacing after the rows and columns for oc serves to emphasise the nature of the cyclic structure. in its final two columns, whereas the second contains 15 intercalates. Thus al and a2
here cannot be isomorphic to one another, nor can either of them be isomorphic to (14) below, whose corresponding square array contains 6 intercalates. The orders of the automorphism groups of al and a2 here, and of (14) below, are 10, 60, and 2, respectively.
Literature review
The present paper reviews and augments current knowledge of pergolas, which have previously received little attention in the literature but which are rich in combinatorial appeal and unsolved problems. Indeed, the small relevant literature does not discuss such matters as isomorphism, automorphisms or duality (which is why this literature review comes so late in the paper), and is primarily statistical rather than combinatorial, reflecting the importance of pergolas in the statistical subject known variously as 'Design of Experiments' and as 'experimental design'. This importance arises because Eq. (4) means that a pergola, when used as the design of a comparative experiment, is as efficient for studying the treatments from $2 (or S1) as it would have been if the other set of treatments had been omitted.
In the 1966 statistical paper of Preece [11] , each of the 'BIBDs for two sets of treatments' has each set of treatments arranged in a BIBD(v, b, r, k, 2) with b > ~,, and the designs include some pergolas with r v + 1 or r = r-1. (ln that paper's Tablc I, the pergolas are the designs satisfying the equation d-E.) But that paper gave no details of any methods of construction, and various such pergolas have been discovered subsequently.
Contemporaneously with Preece's paper, Agrawal [1, 2] published some arrangements that are equivalent to 'BIBDs for two sets of treatments', but few of them are equivalent to pergolas. Appendix 2 of Agrawal [2, p. 1169] gives some arrangements equivalent to pergolas, but satisfying Eq. (4) was not a necessary aim of Agrawal's construction. One of the arrangements is equivalent to the following pergola (14) , where again the labelling of the treatments serves to reveal the pergola's structure, the non-identity automorphism being the permutation (AB)(ab) in both sets of treatments, in conjunction with a permutation of the blocks: Ex. with (c,b,r,k, 2)= (6, 10, 5, 3, 2) and S1 =S2={A,B,a,b,l,i}:
A,B B,A A,b B,a A,a B,b A,I B,I a,A a,B a,I b,l La Lb b,i a,i B,i A,i b,B b,A (14) i,b i,a i,B i,A I,B I,A a,b b,a i,l 1, i
Example (14) is not self-dual, even though BI and B2 are isomorphic to one another and S is self-dual. (Thus the 'orthogonality' to which Morgan and Uddin referred is a general form of 'adjusted orthogonality' as defined above.) Morgan and Uddin [ 10] gave new general constructions that produce pergolas for some general series of parameters that include various series from previous authors as special cases. Preece [12] also gave a series of sets of 'mutually orthogonal BIBDs', with v constant throughout a set, but under the name 'multi-factor balanced block designs with complete adjusted orthogonality for all pairs of treatment factors'.
Rees [14] discussed a procedure for obtaining what he called 'generalised Kirkman systems', which are particular resolvable pergolas with 2 = 1. In particular, Rees [14] obtained two non-isomorphic generalised Kirkman systems for the parameterset P2=(15,35,7,3,1) discussed in Sections 2 and 5 above. In each of these systems, the disposition of each set of treatments with respect to blocks is a solution of Kirkman's Problem of the Fifteen Schoolgirls; if we take the members of $2 to be girls and those of S1 to be boys, the system provides a co-educational parade of children in girl-boy pairs, the girl-boy incidence matrix (pairing matrix) being the incidence matrix of an SBIBD (15, 15, 7, 7, 3) . The basis of Rees's method of construction was geometric, using the properties of the projective geometry PG (3, 2) . More recently, Rees [15] has developed his geometric approach to produce further pergolas, for larger values of v, and has produced pergolas with 
Our new table of pergolas
To indicate the extent of the progress that has been made on producing pergolas, we give Table 1 , which contains pergolas for all parameter-sets for which pergolas are known to us to exist, r~20, save that, if a particular parameter-set (c,b,r,k, 2) is included, then no corresponding 'multiple' parameter-set (v, mb, mr, k, m2) , with m >1~ is included. No attempt has been made in Table 1 to include all possible non-isomorphic pergolas for any one parameter-set; we merely include sufficiently many examples to indicate the richness of the combinatorial possibilities, with the restriction that we mostly confine ourselves to pergolas that can be given concise representations where "initial blocks' are specified, from which most or all of the remaining blocks may be generated by cyclic substitutions. In a very few of our pergolas, the initial blocks include one for which only a partial cycle is to be used; the notation PC(n) indicates a partial cycle of length n. Some representations are 'bicyclic', with each treatment represented by an ordered pair of digits, and with cycling in each digit position: thus, /br example, the initial block (01, 10 02,20) for the pergola for the parameter-set In Table 1 , the 66 parameter-sets are ordered lexicographically by r,k and 2, in that order. For ease of identification, the parameter-sets are numbered, in the first column, as in the table of BIBDs in the CRC Handbook [6, pp. 14-35], 2<k<~v:2.
(The Handbook's table does not include BIBDs with k =2.) For parameter-sets with k > v/2, the number of the complementary BIBD is used, followed by a prime, e.g. 9 ~.
Some entries in the first column of Table 1 include, in parentheses, an "S' and"or an 'M', to indicate parameter-sets for which the methodologies of, respectively, Street [16] and/or Morgan and Uddin [10] provide pergolas.
Where Table 1 gives more than one pergola for a particular parameter-set, the labelling scheme for the different pergolas is of the form al,a2 ... .. bl,b2 ..... cl,c2 .........   where a,b,c,. ., refer to different (non-isomorphic) BIBDs for the parameter-set, and where, for example, cl, c2 .... are non-isomorphic pergolas based on the BIBD labelled 'c'. If only one pergola is given for a particular BIBD, no numeral is included in the label for the pergola.
The final column of Table 1 gives the order ]A] of the automorphism group A of each pergola that is given explicitly in the table.
In resolvable pergolas in Table 1 , a set of initial blocks within square brackets constitutes a replicate of each set of treatments. (19, 57, 9, 3, 1) For this parameter-set there are at least 1100 million BIBDs ( [6, p. 15] ). but Table 1 gives just two pergolas, of which the first is synchronous; these two are for just one of the BIBDs, and both use the same SBIBD(19, 19,9,9,4) for S. The pergolas, al and a2, have cyclotomic structure as follows, but are not obtainable from the cyclotomy methods of Street [16] 
The first of these exemplifies a general construction that can be used for certain parameter-sets from the series (2mk+ 1, m(2mk + l), mk, k, (k-1)/2), (17) where 2mk + 1 is a prime or prime power of the form 4s -1, with m > 1. This general construction requires that 
Although, as reported in [6, p. 15] , there are 6 SBIBDs for (19,19,9,9,4), only one of these, namely the well-known difference-set solution whose isomorphism group is of order 171, can be used for a pergola for (19,57,9,3, 1). For an outline of this proof, suppose that (A,a B,b C, c) is a block of a pergola as required. Then, from the adjusted-orthogonality condition, each of the treatments A, B, C from the first set is paired, somewhere in the pergola, with each of the treatments a, b, c from the second set. Thus n21 must have the entry 1 where each of the rows for a,b and c intersects each of the columns for A,B and C. So n21 must be the incidence matrix for an SBIBD (19, 19,9,9,4) where 3 blocks, to be labelled a, b and c, have three treatments in common. But B2 in the pergola contains 57 blocks, of which (a b c) is just one. Thus the SBIBD must be such that (i) there are 57 distinct ways of selecting 3 blocks that
